Introduction

Gravitational Lensing: Light from a distant source is bent by an intermediate

massive object (lens), altering its apparent position, shape, and brightness
Microlensing: Images are not resolvable, but the magnification is measurable
Applications of Microlensing: 1. Exoplanet Detection 2. Dark Matter Constraints
3.Stellar Atmospheres 4.MACHO Detection 4.Cosmology/Distances

Caustics: Curves where light magnification becomes infinite for a point source

Caustic Crossings: Source passes caustic -- sharp brightness increase (0<n<2)

Caustic Flux: well defined shape — single dependance— &(7) intensity profile
Limb Darkening: Differential magnification across star’s surface— £(r) measurements

Fig.2 Annotated
diagram explaining
limb darkening. The
center corresponds
to the maximum
1(1)=¢(0). Different
order
parameterized
profiles exist.
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Fig.1 Annotated Gravitational lens
geometry. O is the observer, S the source
star, L the lens object, | the image
positions, D; the distance to the Lens,
Ds the distance to the source

Motivation

Importance of Limb Darkening:

Example: linear limb darkening Profile

I =10 (1-u@ - )
Where u = cos 6 ,1(1) = §(0), I(w) = &(p)

* Key parameter in stellar atmospheric/evolution models - energy transport, opacity

variations, temperature gradients

Limb Darkening in Microlensing vs Other Methods:

* Solar observations - precise but lack diversity
Limb Darkening depended: spectral type, chemical composition, magnetic activity

Transit photometry:
1. model priors — biases

2. dimming effects - complex disentanglement

Microlensing: direct, unbiased, distant stars, non-parameterized limb darkening

profiles

* Microlensing —differential magnification—no massive telescopes

Impact on Modern Astronomy:

* Bridge observational gaps - solar studies, exoplanet/binary transits

* Powerful tool —stellar atmospheric models, stellar evolution

Inversion Problem

Problem is an ill posed (singularity)
inversion of a 1° order Fredholm integral

1

Ge(n; &) = fOT(n,p)f(p)dp

1. (n—-1
T(m,p) = 2p2j e

G is the caustic profile function,

n the caustic passage phase [0,2],
¢(p) the stellar intensity profile

J the kernel, K the ellipticalintegral
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Singularity
Plot of 7!'(n!, p) for n €10, 3]
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§(p) = § forr € [1,1741], Aty = 71j44- 73

Solving PIM:

G=TE¢
Where G is Gf vector, T the kernel matrix, ¢ the

vector of unknown &; values
Lensed Flux G#«n)
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Fig.5 Plot of Gf against the caustic crossing
phase n, for different limb darkening profiles.
Regions inside/outside the caustic are shown
separated by the vertical line. These correspond

to Fig.6

Fig.3,4 The singularities of kernel T shown as a T vs  plot with varying p
and asa 2-DT(n, p) heatmap

21[3 Heatmap of T(n, P)
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B-spline Galerkin Approximation:
B; are spline basis functions of nt" degree

$(p) = Z§y=1 ¢jBj(p)
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otherwise.

Solving FEM/B-spline:

Fig.6 Annotated caustic in the abstract image plane.
Annotated: 1.In/Out Regions, 2.Cusp/Fold caustic

geometry, 3. Phase 11 and corresponding positions

Recovered Profiles

| Reconstructed I(r)

—— True I(r)
B-Splines
PIM

FEM
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b=Ac
Where (here B and ¢ are interchangeable):
b; = fnnof B;(n)G¢(n) dn (global load vector),

1
Ajj = f:f B;(n) (fo T(U,P)Bj(P)dP) dn (global
stiffness matrix)

Fig.7,8 The reconstructed profiles for each technique
(left). The residuals, with a zoomed in region (right).

Residuals

Residuals of Reconstructions
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Optimizing Algorithms

Ill poised problem sensitive to noise - containing singularity.
Standard inversion solutions unable to recover £(p)

Optimize:

Custom7-stage RKDP 5(4) ODE solver —adaptive step-size control.

Constrained solutions:

1. Enforce ¢, = &, flatness in stellar center

2. Enforce negative monotonicity §; — &, <0 Vi

3. Enforce negative concavity &;,; — 2§+ &, <0 Vi

PIM sensitive to gaps in data/noise—weighted Quadratic interpolation
Tune B-Spline—grid search—custom sigmoid activation function

Test solvers (LU, LNNS, SLS, MOSEK)-accuracy and efficiency.

Perform Monte Carlo simulations to simulate “real data”(Gaussian noise)

" Fit_ | (rew) | (7w | Bpines.
N 0.379 0.386
W 0.151
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Fig.9 Mean reconstructed profile and
standard deviation of Monte-Carlo
simulation inverting noisy data.

Fig.10 Residuals of fit. Unstable region close to
r=1. (Also, near O for B-spline.) Tables showing
recovered profiles params

Discussion & Conclusion

Results:
* Recovery of nonparametric profiles using inversion methods.
e Power to distinguish between different order profiles.

* Noise heavily affects profile recovery

Limitations:

* Computational cost
* Use of real data requires recursion
* Future steps:

1. Use of higher order FEM and more sophisticated techniques -

computational cost
Construct
non-parametric profile

recursion algorithm on

real data, gradually recover
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